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Abstract. We prove the unrolled superalgebra UHξ sl(2|1) has a
completion which is a ribbon superalgebra in a topological sense
where ξ is a root of unity of odd order. Using this ribbon super-
algebra we construct its universal invariant of links. We use it to
construct an invariant of 3-manifolds of Hennings type.
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1. Introduction
The notion of an unrolled quantum group is introduced in [3] by
Costantino, Geer and Patureau-Mirand. Then an unrolled quantum
group is a quantum group with some additional generators which should
be thought of the logarithms of the some other generators, for example
in UHq sl(2) the additional generator is an element H with the relation
qH = K (see [3]). This element H is a tool to construct a ribbon
structure on representations of UHq sl(2). The category of weight mod-
ules of UHq sl(2) is ribbon and not semi-simple but the Hopf algebra
is not ribbon. With this category UHq sl(2)-mod one constructed the
invariants of links and of 3-manifolds (see [3, 17]). For the Lie su-
peralgebra sl(2|1), the associated unrolled quantum group is denoted
by UHξ sl(2|1) with two additional generators h1, h2 from the quan-
tum group Uξsl(2|1). Using this unrolled quantum group in [6] one has
shown that the category CH of nilpotent weight modules over UHξ sl(2|1)
is ribbon and relative G-(pre)modular and lead to an invariant of links
and of 3-manifolds. The category CH is ribbon thanks to the role of the
additional elements h1, h2 which should be thought as the logarithms
of k1, k2, i.e. ξ
hi = ki for i = 1, 2. They help to construct quasitri-
angular ribbon structure in CH . The relations ξhi = ki i = 1, 2 also
suggest that k1, k2 can be consider as elements of C ω(h1, h2), the vector
space of holomorphic functions on C2. Following this idea we extend
the superalgebra UHξ sl(2|1) to a ribbon superalgebra in a topological
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2 NGOC PHU HA
sense, the topology determined by the norm of uniform convergence on
compact sets. Its bosonization is a ribbon algebra (see in Section 2).
It is known that for each ribbon Hopf algebra one can construct
an universal link invariant (all links are framed and oriented) (see [8],
[16]). From some universal link invariants one could construct a 3-
manifold invariant. There is many way to do this. In [9], Hennings
introduced a method of building an invariant of 3-manifolds by using
an universal link invariant and a right integral. He worked with a finite
dimensional ribbon algebra and this condition guarantees the existence
of a right integral. In other way, Virelizier and Turaev constructed
the invariants which called invariants of pi-links and invariants of pi-
manifolds. They began with a ribbon Hopf pi-coalgebra of finite type
to construct the invariants of pi-links, after that they renormalized the
invariant to invariant of pi-manifolds by using pi-integrals (see [20]).
Note that the pi-integrals exist if and only if the group-coalgebra is finite
type (see [21]). We show that for Uξsl(2|1) there is an associated Hopf
group-coalgebra (see in Section 4). The ribbon superalgebra UHξ sl(2|1)
has infinite dimension and the family of quotients UHα of UHξ sl(2|1) by
the ideals (k`i−ξ`αi) for i = 1, 2 has a structure of Hopf group-coalgebra
in the sense of Turaev-Virelizier which is ribbon but is not finite type,
i.e. the method of construction the invariant of 3-manifolds in [20]
does not work here. We will present an another approach to construct
an invariant of 3-manifolds. We will use first the ribbon structure of
UHξ sl(2|1) to construct an universal invariant of links. The value of this
invariant is represented by a product of a part containing h1, h2 which
is a holomorphic function of variables h1, h2 and a part of the elements
in copies of Uξsl(2|1). Assume the link is a surgery link in S3 that
produces a closed 3-manifolds M . Next we use a cohomology class ω ∈
H1(M,G) and the discrete Fourier transform to reduce this element.
This universal invariant of links allows to construct an invariant of
3-manifolds (M,ω) of Hennings type.
The paper contains four sections. In section 2 we construct the topo-
logical ribbon structure of UHξ sl(2|1) whose bosonization is a topolog-
ical ribbon algebra. Section 3 builds the universal invariant of links
from the topological ribbon superalgebra UHξ sl(2|1). Finally, in section
4 we define the discrete Fourier transform from the topological ribbon
superalgebra to a finite type Hopf G-coalgebra. This leads to definition
in Theorem 4.14 of an invariant of pair (M,ω) as above.
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2. Topological ribbon Hopf superalgebra ÛH
In this section we recall the definition of Hopf superalgebra UHξ sl(2|1)
and we construct a topological ribbon Hopf superalgebra ÛH which is
a completion of UHξ sl(2|1).
2.1. Hopf superalgebra ÛH.
2.1.1. Hopf superalgebra UHξ sl(2|1).
Definition 2.1 ([6]). Let ` ≥ 3 be an odd integer and ξ = exp(2pii
`
).
The superalgebra Uξsl(2|1) is an associative superalgebra on C generated
by the elements k1, k2, k
−1
1 , k
−1
2 , e1, e2, f1, f2 and the relations
k1k2 = k2k1,(1)
kik
−1
i = 1, i = 1, 2,(2)
kiejk
−1
i = ξ
aijej, kifjk
−1
i = ξ
−aijfj i, j = 1, 2,(3)
e1f1 − f1e1 = k1 − k
−1
1
ξ − ξ−1 , e2f2 + f2e2 =
k2 − k−12
ξ − ξ−1 ,(4)
[e1, f2] = 0, [e2, f1] = 0,(5)
e22 = f
2
2 = 0,(6)
e21e2 − (ξ + ξ−1)e1e2e1 + e2e21 = 0,(7)
f 21 f2 − (ξ + ξ−1)f1f2f1 + f2f 21 = 0.(8)
The last two relations are called the Serre relations. The matrix (aij)
is given by a11 = 2, a12 = a21 = −1, a22 = 0. The odd generators are
e2, f2.
We define ξx := exp(2piix
`
), afterwards we will use the notation
{x} = ξx − ξ−x.
According to [12], Uξsl(2|1) is a Hopf superalgebra with the coproduct,
counit and the antipode as below
∆(ei) = ei ⊗ 1 + k−1i ⊗ ei i = 1, 2,
∆(fi) = fi ⊗ ki + 1⊗ fi i = 1, 2,
∆(ki) = ki ⊗ ki i = 1, 2,
S(ei) = −kiei, S(fi) = −fik−1i , S(ki) = k−1i i = 1, 2,
ε(ki) = 1, ε(ei) = ε(fi) = 0 i = 1, 2.
The C-superalgebra UHξ sl(2|1) as UHξ sl(2|1) = 〈Uξsl(2|1), hi, i = 1, 2〉
with the relations in Uξsl(2|1) and [hi, ej] = aijej, [hi, fj] = −aijfj,
[hi, hj] = 0, [hi, kj] = 0 i, j = 1, 2.
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The superalgebra UHξ sl(2|1) is a Hopf superalgebra where ∆, S and ε
are determined as in Uξsl(2|1) and by
∆(hi) = hi ⊗ 1 + 1⊗ hi, S(hi) = −hi, ε(hi) = 0 i = 1, 2.
Define the odd elements e3 = e1e2−ξ−1e2e1, f3 = f2f1−ξf1f2. Denote
by
B+ = {ep1eρ3eσ2 , p ∈ {0, 1, ..., `− 1}, ρ, σ ∈ {0, 1}},
B− = {fp′1 fρ
′
3 f
σ′
2 , p
′ ∈ {0, 1, ..., `− 1}, ρ′, σ′ ∈ {0, 1}},
B0 = {ks11 ks22 , s1, s2 ∈ Z} and Bh = {ht11 ht22 , t1, t2 ∈ N}.
We consider the quotient U = Uξsl(2|1)/(e`1, f `1) which is the Hopf su-
peralgebra having a Poincare´-Birkhoff-Witt basis B+B0B− and UH =
UHξ sl(2|1)/(e`1, f `1) which is the Hopf superalgebra with a Poincare´-
Birkhoff-Witt basis B+B0BhB−.
2.1.2. Topological Hopf superalgebra ÛH . We recall some notions of
topological tensor product and nuclear spaces in [18, 5]. A locally
convex space E is called nuclear, if all the compatible topologies on
E⊗F agree for all locally convex spaces F , i.e. the topology on E⊗F
compatible with ⊗ is unique. A topology is compatible with ⊗ if: 1)
⊗ : E × F → E ⊗ F is continuous and 2) for all (e, f) ∈ E ′ × F ′
the linear form e ⊗ f : E ⊗ F → C, x ⊗ y 7→ e(x)f(y) is continuous
[18]. For two nuclear spaces E and F the completion of the tensor
product E⊗F endowed with its compatible topology is denoted E⊗̂F .
A finite dimensional space is nuclear, the tensor product of two nuclear
spaces is nuclear space and a space is nuclear if only if its completion
is nuclear [5]. If V is a finite dimensional C-vector space we denote
by C ω(V ) the space of holomorphic functions on V endowed with the
topology of uniform convergence on compact sets, it is nuclear space.
Remark that we have C ω(V1)⊗̂C ω(V2) ' C ω(V1 × V2) (Theorem 51.6
[19]) where V1, V2 are finite dimensional C-vector spaces. For a quan-
tum group, if H is generated by Cartan generators and V is a finite
dimensional vector space then elements of V ⊗̂C ω(H∗) can be seen as
V -valued holomorphic functions.
Since the nuclear spaces form a symmetric monoidal category with
the product ⊗̂ ([18]), we have the proposition.
Proposition 2.2. Let Hi be C-vector spaces of dimension ni and let
Vi be finite dimensional vector spaces on C for i = 1, 2. Then
(V1 ⊗ C ω(H∗1))⊗ (V2 ⊗ C ω(H∗2)) ' (V1 ⊗ V2)⊗ C ω(H∗1 × H∗2).
Proof. By the symmetric and associative properties of ⊗̂ we have
(V1⊗̂C ω(H∗1))⊗̂(V2⊗̂C ω(H∗2)) ' (V1⊗̂V2)⊗̂C ω(H∗1)⊗̂C ω(H∗2).
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Furthermore, by Theorem 51.6 [19] C ω(H∗1)⊗̂C ω(H∗2) ' C ω(H∗1 × H∗2).
It implies
(V1⊗̂C ω(H∗1))⊗̂(V2⊗̂C ω(H∗2)) ' (V1⊗̂V2)⊗̂C ω(H∗1 × H∗2).
Since the spaces Vi,C ω(H∗i ) for i = 1, 2 are complete then Vi⊗̂C ω(H∗i ) '
Vi ⊗ C ω(H∗i ). Thus we get
(V1 ⊗ C ω(H∗1))⊗ (V2 ⊗ C ω(H∗2)) ' (V1 ⊗ V2)⊗ C ω(H∗1 × H∗2).

The space of entire functions is a nuclear Fre´chet space obtained
as the completion of polynomial functions for the topology of uniform
convergence on compact sets. We use a similar completion to define a
topological ribbon Hopf superalgebra from UHξ sl(2|1). That is a topo-
logical ribbon Hopf superalgebra ̂UHξ sl(2|1) where the topology is con-
structed as follow. We consider UH ' W ⊗C C[h1, h2, k±11 , k±12 ] as a
vector space on C where W is a finite dimensional vector space on C
with the basis
B = B+B−.
Let H be C-vector space with basis {h1, h2} and H∗ be its dual, let
C ω(h1, h2) be the vector space of holomorphic functions on C2 ' H∗.
Now C[h1, h2, k±11 , k±12 ] embeds in C ω(h1, h2) by sending ki to ξhi =
exp (2ipi
`
hi). Thus UH is embedded inW ⊗̂CC ω(h1, h2) := W⊗CC ω(h1, h2),
in particular ki = 1 ⊗ ξhi ∈ W⊗CC ω(h1, h2) i = 1, 2, this space is nu-
clear. In the following, we show that the completion ÛH := ̂UHξ sl(2|1) of
UH , which is W⊗CC ω(h1, h2) has the topological Hopf algebraic struc-
ture continuously extended from UH with the coproduct ∆ : UH →
UH⊗̂ UH .
Remark 2.3. For each wi ∈ B there exists |wi| = (|wi|1, |wi|2) ∈ Z2
such that
hkwi = wi(hk + |wi|k) and
∀wi, wj ∈ B wiwj =
∑
m
wkc
m
ij (h1, h2),
here |wi|k ∈ Z is the weight of wi for hk with k = 1, 2.
Lemma 2.4 (PBW topological basis). For any u ∈ ÛH there exists
unique Qij(h1, h2) ∈ C ω(h1, h2) 1 ≤ i, j ≤ 4` such that
u =
∑
i,j
uiQij(h1, h2)vj
where ui ∈ B−, vj ∈ B+.
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By Remark 2.3 each x ∈ UH can be written
(9) x =
∑
k
wkxk(h1, h2)
where wk ∈ B, xk(h1, h2) ∈ C ω(h1, h2).
Let K be a compact set in H∗. If φ ∈ K and x(h1, h2) ∈ C ω(h1, h2)
then φ∗x(h1, h2) is the evaluation of x at φ, that is φ∗x(h1, h2) =
x(φ(h1), φ(h2)) ∈ C. Define a norm associated to K on ÛH as fol-
low
‖x‖K = ‖
∑
k
wkxk(h1, h2)‖K = sup
k
sup
φ∈K
|φ∗(xk(h1, h2))|(10)
= sup
k
sup
φ∈K
|xk(φ(h1), φ(h2))| for x ∈ ÛH .
In particular, ‖x‖K = 1 when x ∈ B. The ‖.‖K induces the topology of
uniform convergence on compact sets. As W ⊗ C ω(h1, h2) is complete
and UH is dense in it, we have the proposition below.
Proposition 2.5. The completion of UH is W ⊗C C ω(h1, h2).
Proposition 2.6. For each compact set K ⊂ H∗, there exists a compact
set K ′ and a λK ∈ R such that ∀ x, y ∈ UH , we have
‖xy‖K ≤ λK‖x‖K′‖y‖K .
Proof. Given x =
∑
iwixi(h1, h2), y =
∑
j wjyj(h1, h2) then
xy =
∑
i
wixi(h1, h2)
∑
j
wjyj(h1, h2)
=
∑
i,j
wiwjxi(h1 + |wj|1, h2 + |wj|2)yj(h1, h2)
=
∑
i,j,k
wkc
k
i,j(h1, h2)xi(h1 + |wj|1, h2 + |wj|2)yj(h1, h2).
‖xy‖K
= sup
k
sup
φ∈K
|
∑
i,j
cki,j(φ(h1), φ(h2))xi(φ(h1) + |wj|1, φ(h2) + |wj|2)yj(φ(h1), φ(h2))|
≤ sup
k
sup
φ∈K
|
∑
i,j
cki,j(φ(h1), φ(h2))| sup
i
sup
φ∈K
|xi(φ(h1) + |wj|1, φ(h2) + |wj|2)|
sup
j
sup
φ∈K
|yj(φ(h1), φ(h2))|
= λK‖x‖K+C‖y‖K
where λK = supk supφ∈K |
∑
i,j c
k
i,j(φ(h1), φ(h2))| and C ⊂ H∗ is the
convex hull of weights of elements of B. 
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Proposition 2.6 implies that the product on UH is continuous but
there does not seem to exist multiplicative seminorms on UH .
By Proposition 2.2 we have UH⊗̂UH ' W⊗2 ⊗ C ω(hi,j) where hi,1 =
hi ⊗ 1, hi,2 = 1 ⊗ hi for i = 1, 2 and the hi,j are seen as coordinates
functions on H∗ × H∗. Thus we can write each x ∈ UH⊗̂UH form
x =
∑
k wkxk(hi,j) where wk ∈ W⊗2 and xk(hi,j) ∈ C ω(hi,j). We can
define a norm of x ∈ UH⊗̂UH associated to a compact set K2 ⊂ H∗×H∗
by
(11) ‖x‖K2 = sup
k
sup
φ∈K2
|φ∗xk(hi,j)| = sup
k
sup
φ∈K2
|xk(φ(hi,j))|.
Proposition 2.7. For each compact set K2 ⊂ C4, there exists a com-
pact set K ⊂ C2 and a λK2 ∈ R such that ∀ x ∈ UH , we have
‖∆x‖K2 ≤ λK2‖x‖K .
Proof. Let U be a compact set, U = U1 × U2 ⊂ H∗ × H∗ ' C4. First
there exists λU ∈ R such that for any a, a′, b, b′ ∈ UH we have
‖(a⊗ b)(a′ ⊗ b′)‖U1×U2 = ‖aa′ ⊗ bb′‖U1×U2 = ‖aa′‖U1‖bb′‖U2(12)
≤ λU1‖a‖U1+C1‖a′‖U1λU2‖b‖U2+C2‖b′‖U2
= λU1λU2‖a‖U1+C1‖b‖U2+C2‖a′‖U1‖b′‖U2
= λU‖a⊗ b‖U+C1×C2‖a′ ⊗ b′‖U
= λU‖a⊗ b‖U ′‖a′ ⊗ b′‖U
where λU = λU1λU2 and U
′ = U + C1 × C2. Second let a compact set
K2 ⊂ H∗×H∗ and let K ⊂ H∗ be the compact set {ϕ+ψ| (ϕ, ψ) ∈ K2}.
For x ∈ UH , x = ∑j wjxj(h1, h2), we have
‖∆x‖K2 = ‖
∑
j
∆wj∆xj(h1, h2)‖K2 ≤
∑
j
‖∆wj∆xj(h1, h2)‖K2
=
∑
j
‖
∑
s
w1,sj ⊗ w2,sj xj(h1,1 + h1,2, h2,1 + h2,2)‖K2
≤
∑
j
∑
s
‖w1,sj ⊗ w2,sj xj(h1,1 + h1,2, h2,1 + h2,2)‖K2
≤
∑
j
∑
s
λK2,j,s‖w1,sj ⊗ w2,sj ‖K2+(C1,C2)‖xj(h1,1 + h1,2, h2,1 + h2,2)‖K2
≤
∑
j
λK2,j‖xj(h1,1 + h1,2, h2,1 + h2,2)‖K2
where the sums are finite and λK2,j,s, λK2,j are constants and in the
fifth inequality one used Inequality (12). Furthermore, let H be vector
space on C with basis {h1, h2}. The symmetric algebra S(H × H) '
S(H ⊕ H) ' SH ⊗ SH (see [10]), it is a commutative algebra on C
generated by h1⊗1, h2⊗1, 1⊗h1, 1⊗h2 and HomAlg(SH⊗SH,C) '
HomAlg(S(H×H),C) ' HomV ect(H×H,C) ' (H×H)∗ ' H∗×H∗. This
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isomorphism allows that for (ϕ, ψ) ∈ H∗ ×H∗ one has (ϕ, ψ)(hi ⊗ 1) =
ϕ(hi) and (ϕ, ψ)(1⊗ hi) = ψ(hi) for i = 1, 2. It implies that
‖xj(h1,1+h1,2, h2,1 + h2,2)‖K2
= sup
(ϕ,ψ)∈K2
|(ϕ, ψ)∗xj (h1,1 + h1,2, h2,1 + h2,2) |
= sup
(ϕ,ψ)∈K2
|(ϕ+ ψ)∗xj (h1, h2) | = ‖xj(h1, h2)‖K .
Hence
‖∆x‖K2 ≤
∑
j
λK2,j‖xj(h1, h2)‖K ≤ λK2‖x‖K
where λK2 is a constant. 
This proposition implies that the coproduct is continuous. The an-
tipode S is also continuous by proposition below.
Proposition 2.8. For each compact set K ⊂ H∗ there exists a compact
set K ′′ ⊂ H∗ and a constant λK such that
‖S(x)‖K ≤ λK‖x‖K′′ for x ∈ UH .
Proof. For x =
∑
j wjxj(h1, h2) ∈ UH we have
‖S(x)‖K = ‖
∑
j
S(xj(h1, h2))S(wj)‖K = ‖
∑
j
xj(−h1,−h2)S(wj)‖K
≤
∑
j
‖xj(−h1,−h2)S(wj)‖K
≤
∑
j
λK,j‖xj(−h1,−h2)‖K′‖S(wj)‖K
≤
∑
j
λ
′
K,j‖xj(h1, h2)‖−K′ ≤ λK‖x‖−K′
where λK,j, λ
′
K,j and λK are constants. 
It is clear that the unit and counit are continuous. Hence the maps
product, coproduct, unit, counit and the antipode of UH are continuous
(with the topology of uniform convergence on compact sets). Thus the
topology of uniform convergence on compact sets of UH is compatible
with its algebraic structure. The maps product, coproduct, unit, counit
and the antipode of UH continuously extend to the completion ÛH .
Note that the coproduct UH → UH ⊗ UH extends to ÛH → UH⊗̂UH .
The space ÛH endows with these continuous maps is a topological Hopf
superalgebra.
Similarly, for n ≥ 2 denote
(13) hi,j = 1⊗ ...⊗ hi ⊗ ...⊗ 1
where hi is in j-th position for 1 ≤ i ≤ 2 and 1 ≤ j ≤ n. Then the
completion of UH⊗n is topological vector space UH⊗̂n ' W⊗n⊗C ω(hi,j)
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with the topology of uniform convergence on compact sets. Here W⊗n
is the tensor product of n copies of W and C ω(hi,j) is the vector space
of holomorphic functions of 2n variables {hi,j}j=1, ...,ni=1,2 in C2n. Note also
that the maps ∆
[n]
i : UH⊗n → UH⊗(n+1) and ε[n]i : UH⊗n → UH⊗(n−1)
continuously extend to UH⊗̂n, here ∆[n]i and ε[n]i determined by
∆
[n]
i = Id⊗...⊗ Id︸ ︷︷ ︸
i−1
⊗∆⊗ Id⊗...⊗ Id︸ ︷︷ ︸
n−i
and
ε
[n]
i = Id⊗...⊗ Id︸ ︷︷ ︸
i−1
⊗ε⊗ Id⊗...⊗ Id︸ ︷︷ ︸
n−i
where ∆, ε are in i-th position. It follows that
Id⊗∆[n]i = ∆[n+1]i+1 ,∆[n]i ⊗ Id = ∆[n+1]i ,
∆
[n+1]
i ◦∆[n]i = ∆[n+1]i+1 ◦∆[n]i ,
∆
[n+1]
j ◦∆[n]i = ∆[n+1]i ◦∆[n]j i 6= j
and we denote ∆[n](x) =
∑
x(1) ⊗ ... ⊗ x(n) for x ∈ UH . Hence, each
element x of UH⊗̂n can be written x = ∑k wkxk(hi,j) where wk ∈
B⊗n, xk(hi,j) ∈ C ω(hi,j) := C ω(H∗n). In particular, the element ki,j :=
1 ⊗ ... ⊗ ki ⊗ ... ⊗ 1 where ki is in j-th position is equal to ξhi,j =
1 ⊗ ... ⊗ ξhi ⊗ ... ⊗ 1 for i = 1, 2 j = 1, ..., n. Let K be a compact set
in C2n ' V ectC(hi,j)∗. As in Definition (10) we define
‖x‖K = sup
k
sup
φ∈K
|φ∗(xk(hi,j))| = sup
k
sup
φ∈K
|xk(φ(hi,j))|.
Recall that CH is the even category of finite dimensional nilpotent
modules over UH (see in [6]).
Proposition 2.9. For any V1, ..., Vn ∈ CH the representation ρV1⊗...⊗Vn :
UH⊗n → EndC(V1 ⊗ ... ⊗ Vn) continuously extends to a representation
UH⊗̂n → EndC(V1 ⊗ ...⊗ Vn).
Proof. LetK be the compact set containing the weights of V = V1⊗...⊗
Vn. We have ρV : UH⊗n → End(V ) be continuous on compact set K.
Indeed, let x ∈ UH⊗n and write x = ∑k wkxk(hi,j). On the subspace of
weights φ ∈ K, ρV (
∑
k wkxk(hi,j)) acts as ‖ρV (
∑
k wkxk(φ(hi,j))) ‖ ≤∑
k ‖wk‖K‖xk‖K ≤ λK‖x‖K with λK is a constant. It implies that ρV
is continuous. This prove that it exists a continuous representation
ρ̂V : UH⊗̂n → EndC(V ). 
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2.2. Topological ribbon superalgebra ÛH. It is known in [6] that
the operator R = RˇK on CH where
Rˇ =
`−1∑
i=0
{1}iei1 ⊗ f i1
(i)ξ!
1∑
ρ=0
(−{1})ρeρ3 ⊗ fρ3
(ρ)ξ!
1∑
δ=0
(−{1})δeδ2 ⊗ f δ2
(δ)ξ!
∈ UH ⊗ UH ,
(0)ξ! = 1, (i)ξ! = (1)ξ(2)ξ · · · (i)ξ, (k)ξ = 1− ξ
k
1− ξ and
K = ξ−h1⊗h2−h2⊗h1−2h2⊗h2 ∈ UH⊗̂2
(14)
satisfies these conditions below
∆⊗ Id(R) = R13R23,
Id⊗∆(R) = R13R12,
R∆op(x) = ∆(x)R for all x ∈ UH .
This operator is given by action of an element R is in the completion
UH⊗̂2, so the proof of the lemma below follows the line of Theorem
VIII.2.4 [10].
Lemma 2.10. The element R = RˇK is a topological universal R-
matrix of the topological Hopf superalgebra ÛH .
The element R satisfies the properties
R12R13R23 = R23R13R12,
(ε⊗ IdÛH )(R) = 1 = (IdÛH ⊗ε)(R),
(S ⊗ IdÛH )(R) = R−1 = (IdÛH ⊗S−1)(R),
(S ⊗ S)(R) = R.
The completion ÛH of UH is a Hopf C-superalgebra which has a pivotal
element φ0 = k
−`
1 k
−2
2 (see Proposition 3.3 [6]). We define an even
element θ, invertible and in the center of ÛH by
(15) θ = φ0.(m ◦ τ s ◦ (Id⊗S)(R))−1
where τ s : UH⊗̂UH → UH⊗̂UH , x⊗ y 7→ (−1)deg xdeg yy ⊗ x is super-
flip of UH⊗̂UH .
We now show that the completion ÛH with the element θ will be a
ribbon Hopf superalgebra.
Proposition 2.11. The θ is a twist, i.e. the element θ satisfies
(1) ε(θ) = 1,
(2) ∆(θ) = τ s(R).R.(θ ⊗ θ),
(3) S(θ) = θ.
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Equalities (1) and (2) follow from the definition of θ. To prove (3),
we need the following lemmas.
Let Uh be the sub-superalgebra of ÛH of all elements commuting with
h1, h2 we have the lemma.
Lemma 2.12. For u ∈ ÛH , u ∈ Uh if and only if u has the form
(16) u =
∑
0≤ρ,σ≤1, 0≤p≤`−1
yρ,σ,pQρ,σ,p(h1, h2)e
ρ
2e
σ
3e
p
1
where weight(yρ,σ,p)+weight(e
ρ
2e
σ
3e
p
1) = 0 and Qρ,σ,p(h1, h2) ∈ C ω(h1, h2).
Let I+ be a left ideal of ÛH generated by e1, e2 and e3, set I =
I+ ∩ Uh.
Lemma 2.13. We have I = I+∩ Uh = I−∩ Uh and Uh = C ω(h1, h2)
⊕ I
where I− is right ideal generated by f1, f2 and f3.
Hence, I is a two-side ideal and the projection ϕ : Uh → C ω(h1, h2)
is a homomorphism of algebra called the Harish-Chandra homomor-
phism.
Proposition 2.14. Let Vµ be a simple highest weight UH-module with
highest weight µ = (µ1, µ2). Then for any z ∈ Z(ÛH) and v the highest
weight vector of weight µ of Vµ
zv = ϕ(z)(µ)v
where ϕ(z) is in C ω(H∗) and ϕ(z)(µ) is its value at µ = (µ1, µ2).
Proof. Let v0 be a highest weight vector generating Vµ and z a central
element of ÛH . Following the lemmas above, z can be written
z = ϕ(z) +
∑
(ρ,σ,p)6=(0,0,0)
yρ,σ,pQρ,σ,p(h1, h2)e
ρ
2e
σ
3e
p
1.
Since eρ2e
σ
3e
p
1v0 = 0 for (ρ, σ, p) 6= (0, 0, 0) and hiv0 = µiv0 i = 1, 2,
we get zv0 = ϕ(z)(µ1, µ2)v0. If v is an arbitrary vector of V , we have
v = xv0 for some x in ÛH . It implies that zv = zxv0 = xzv0 =
ϕ(z)(µ1, µ2)xv0 = ϕ(z)(µ1, µ2)v. 
By using this proposition, we have
Proposition 2.15. Let u be a central element of ÛH . If ϕ(u) = 0 then
u = 0 where ϕ is Harish-Chandra homomorphism.
Proof. Let u be a central element of ÛH such that ϕ(u) = 0. Assume
u is non-zero can be written as
u =
∑
(ρ,σ,p)6=(0,0,0)
yρ,σ,pQρ,σ,p(h1, h2)e
ρ
2e
σ
3e
p
1
where Qρ,σ,p(h1, h2) are non-zero functions in C ω(h1, h2), 0 ≤ ρ, σ ≤
1, 0 ≤ p ≤ `− 1 and (ρ, σ, p) 6= (0, 0, 0).
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Consider a typical highest weight UH-module Vµ generated by high-
est weight vector w0. It is known that the set of 4r vectors B
∗ =
{S−1(eρ2eσ3ep1)w∗0,0,0} forms a basis of V ∗µ where 0 ≤ ρ, σ ≤ 1, 0 ≤
p ≤ ` − 1, {w∗ρ,σ,p} is the dual basis of {wρ,σ,p} of Vµ. In fact, the
elements S−1(eρ2e
σ
3e
p
1) form up to multiplication by k
a
1k
b
2 a, b ∈ Z a
basis of the subalgebra U+ of UH generated by eρ2eσ3ep1 0 ≤ ρ, σ ≤
1, 0 ≤ p ≤ ` − 1. Since U−w∗0,0,0 = Cw∗0,0,0 where U− is subalge-
bra of ÛH generated by fρ2 fσ3 fp1 0 ≤ ρ, σ ≤ 1, 0 ≤ p ≤ ` − 1, we
have Vect(B∗) ' U+w∗0,0,0 ' U+U0U−w∗0,0,0 ' UHw∗0,0,0 ' V ∗µ where
U0 is subalgebra of ÛH topologically generated by h1, h2. Furthermore
card(B∗) = dimV ∗µ , hence B
∗ is a basis of V ∗µ . It exists in Vµ a dual
basis B = {w˜ρ,σ,p 0 ≤ ρ, σ ≤ 1, 0 ≤ p ≤ `− 1} of B∗ in V ∗µ , i.e. given
(ρ, σ, p), for any eρ
′
2 e
σ
′
3 e
p
′
1 , w
∗
0,0,0(e
ρ
′
2 e
σ
′
3 e
p
′
1 w˜ρ,σ,p) = δ
ρ
′
ρ δ
σ
′
σ δ
p
′
p .
On the one hand, Proposition 2.14 implies that uw˜ρ,σ,p = 0 for all
0 ≤ ρ, σ ≤ 1, 0 ≤ p ≤ ` − 1. On the other, we have that eρ02 eσ03 ep01
is an element having minimal weight of ones in the items of sum∑
(ρ,σ,p)6=(0,0,0) yρ,σ,pQρ,σ,p(h1, h2)e
ρ
2e
σ
3e
p
1 such that Qρ0,σ0,p0(h1, h2) 6= 0.
It is clear that eρ2e
σ
3e
p
1w˜ρ0,σ0,p0 = 0 for e
ρ
2e
σ
3e
p
1 having the weight higher
than one of eρ02 e
σ0
3 e
p0
1 and e
ρ
2e
σ
3e
p
1w˜ρ0,σ0,p0 = δ
ρ0
ρ δ
σ0
σ δ
p0
p w0,0,0 for e
ρ
2e
σ
3e
p
1
having the weight equal one of eρ02 e
σ0
3 e
p0
1 . Hence we have∑
(ρ,σ,p)6=(0,0,0)
yρ,σ,pQρ,σ,p(h1, h2)e
ρ
2e
σ
3e
p
1w˜ρ0,σ0,p0
=
∑
weight(eρ2e
σ
3 e
p
1)=weight(e
ρ0
2 e
σ0
3 e
p0
1 )
yρ,σ,pQρ,σ,p(h1, h2)δ
ρ0
ρ δ
σ0
σ δ
p0
p w0,0,0
= yρ0,σ0,p0Qρ0,σ0,p0(h1, h2)w0,0,0
= Qρ0,σ0,p0(µ)wρ0,σ0,p0 = 0.
This result prove that Qρ0,σ0,p0(h1, h2) = 0. Thus u = 0. 
Lemma 2.16. Let ρV : UH → End(V ) be a nilpotent finite dimen-
sional representation of UH . We have
ρV (S(θ)) = ρV (θ).
Proof. Recall that the category CH of nilpotent representations of
UHξ sl(2|1) is a ribbon category having the twist is the family of iso-
morphisms θV : V → V, ∀V ∈ CH , θV = ρV (θ) where ρV : UH →
End(V ) is a representation of UH (see [6]). It follows that (θV )∗ =
θV ∗ ∀V ∈ CH . In fact (θV )∗ = (ρV (θ))∗ = (evV ⊗ IdV ∗)(IdV ∗ ⊗θV ⊗
IdV ∗)(IdV ∗ ⊗ coevV ) : V ∗ → V ∗ has matrix (ρV (θ))t where (ρV (θ)) is
the matrix of the endomorphism ρV (θ). Furthermore θV ∗ = ρV ∗(θ) has
matrix (ρV (S(θ)))
t, so we have
(17) ρV (θ) = ρV (S(θ)).

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Proof of Proposition 2.11. Set z = S(θ) − θ, z is in the center of ÛH .
Let a weight module Vµ in CH of weight µ and v is a weight vector of
Vµ. By Proposition 2.14 and Equality (17) we have ϕ(z)(µ)v = zv = 0.
It implies that ϕ(z)(µ) = 0. Furthermore ϕ(z) ∈ C ω(H∗), this deduces
that ϕ(z) = 0, so z = 0 by Proposition 2.15, i.e. S(θ) = θ. 
Hence the results above give us the theorem.
Theorem 2.17. The completion ÛH of UH is a topological ribbon su-
peralgebra.
2.3. Bosonization of ÛH. It is known that each ribbon superalgebra
has an associated ribbon algebra, namely its bosonization (see [14]).
For the ribbon superalgebra ÛH , its bosonization denoted by ÛHσ, is
a topological ribbon algebra by adding an element σ from ÛH , i.e. as
an algebra, ÛHσ is the semi-direct product of ÛH with Z/2Z = {1, σ}
where the action of σ is given by
(18) σx = (−1)deg xxσ for x ∈ ÛH .
The coproduct ∆σ, the counity εσ and the antipode Sσ on ÛHσ given
by
• ∆σσ = σ⊗σ, ∆σ(x) = ∑i xiσdeg x′i⊗x′i where ∆(x) = ∑i xi⊗x′i
for x ∈ ÛH ,
• εσ(σ) = 1, εσ(x) = ε(x) for x ∈ ÛH and
• Sσ(σ) = σ, Sσ(x) = σdeg xS(x) for x ∈ ÛH .
The universal R-matrix Rσ in ÛHσ determined by
Rσ = R1
∑
i
R1iσ
degR2i ⊗R2i
where R1 =
1
2
(1⊗ 1 + σ ⊗ 1 + 1⊗ σ − σ ⊗ σ) and R = ∑iR1i ⊗R2i is
the universal R-matrix in ÛH . Note that the universal R-matrix Rσ
can be written by
(19) Rσ =
∑
i
ai ⊗ bi
∑
j
K1j ⊗K2j
where the terms ai, bi do not contain h1, h2 for all i and K =
∑
j K1j⊗K2j
is the Cartan part which contains only h1, h2 (see Equation (14)). Its
inverse denotes
(20) (Rσ)−1 =
∑
j
K1j ⊗K2j
∑
i
ai ⊗ bi.
The pivotal element of the ribbon algebra ÛHσ is φσ0 = σφ0. We denote
Uσ the Hopf subalgebra of ÛHσ generated by elements ei, fi, ki, k−1i for
i = 1, 2 and σ. It is a pivotal Hopf algebra with a pivotal element φσ0 .
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3. Universal invariant of link diagrams
It is well known that from a ribbon algebra one can construct an uni-
versal invariant of oriented framed links, for exemple one can see these
constructions which presented by Habiro (see [8]), Hennings (see [9]),
Kauffman and Radford (see [11]), Ohtsuki (see [16]), ... In previous
section we proved that ÛH is a ribbon superalgebra in the topological
sense so its bosonization is a ribbon algebra. This ribbon algebra al-
lows to construct an universal invariant of oriented framed links. In
this section we apply the methods above to reconstruct an universal in-
variant of oriented framed links associated with the unrolled quantum
group UH . Then we will use this invariant to construct an invariant of
3-manifolds in the next section.
3.1. Category of tangles. We recall the category T of framed, ori-
ented tangles (see [8], [10]). The objets are the tensor words of symbols
↓ and ↑, i.e. each word forms x1⊗ ...⊗xn with x1, ..., xn ∈ {↓, ↑}, n ≥ 0.
The tensor word of length 0 is denoted by 1 = 1T . The morphisms
T : w → w′ between w,w′ ∈ Ob(T ) are the isotopy classes of framed,
oriented tangles in a cube [0, 1]3 such that the endpoints at the bottom
are descriped by w and those at the top by w′.
The composition gf of a composable pair (f, g) of morphisms in T is
obtained by placing g above f , and the tensor product f ⊗ g of two
morphisms f and g is obtained by placing g on the right of f .
The braiding cw,w′ : w⊗w′ → w′⊗w for w,w′ ∈ Ob(T ) is the positve
braiding of parallel of strings. The dual w∗ ∈ Ob(T ) of w ∈ Ob(T ) is
defined by 1∗ = 1, ↓∗ = ↑, ↑∗ = ↓ and
(x1 ⊗ ...⊗ xn)∗ = x∗n ⊗ ...⊗ x∗1 for x1, ..., xn ∈ {↓, ↑}, n ≥ 2.
For w ∈ Ob(T ), let
evw : w
∗ ⊗ w → 1, coevw : 1→ w ⊗ w∗
denote the duality morphisms. For each object w in T , let tw : w → w
denote the positive full twist defined by
tw = (w ⊗ evw∗)(cw,w ⊗ w∗)(w ⊗ coevw).
It is well known that T is generated as a monoidal category by the
objects ↓, ↑ and the morphisms
c↓,↓, c−1↓,↓, ev↓, coev↓, ev↑, coev↑
which are represented in Figure 1.
A string link is a tangle without closed component whose arcs end
at the same order as they start, with downwards orientation.
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Figure 1. The morphisms c↓,↓, c−1↓,↓, ev↓, coev↓, ev↑, coev↑
α β
α β
1 1 φ0 φ
−1
0
Figure 2. Place elements on the strings
S(α) β α S(β) S(α) S(β)
S(α) β α S(β) S(α) S(β)
Figure 3. The cases of crossings with upwards strings
where R = ∑α⊗ β and R−1 = ∑α⊗ β.
3.2. Universal invariant of link diagrams. We recall the notion
of the 0th-Hochschild homology for an algebra A, that is HH0(A) :=
A/[A,A] where [A,A] = Span{xy − yx : x, y ∈ A}. Let L = L1 ∪ ... ∪
Ln be a (framed, oriented) link diagram consisting of n ordered circle
components L1, ..., Ln with n ≥ 0.
We can put elements of ÛHσ on the strings of L according to the rule
depicted in Figure 2 or in two Figures 2 and 3. For each j = 1, ..., n,
we define JLj by first obtaining a word wj to be the product of the
elements put on the component Lj where these elements are read along
the orientation of Lj starting from any point (point basis) in Lj. Then
set JLj = trq(wj) where trq : ÛH
σ → HH0
(
ÛHσ
)
, here HH0
(
ÛHσ
)
is
the 0th-Hochschild homology for the algebra ÛHσ. We define
(21) JL =
∑
JL1 ⊗ ...⊗ JLn ∈ HH0
(
ÛHσ⊗n
)
.
Theorem 3.1 (see also Theorem 4.5 [16]). JL is a topological invariant
of framed links.
Proof. The proof in the finite dimensional setting apply without change.
One can show that JLj does not depend on where we start reading the
element on the closed components, and JL is invariant under the Rei-
demeister moves for oriented links. This proves JL is an invariant of
framed links. 
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We can similarly define the invariant of the string links by
(22) JT =
∑
JT1 ⊗ ...⊗ JTn ∈ ÛH
σ⊗n
where T is a string link consisting of n components Ti, 1 ≤ i ≤ n, JTi
is determined as above. The relation between the invariant of tangles
and of links is similar as Proposition 7.3 in [8]:
Proposition 3.2. If T is a string link, then we have
Jcl(T ) = tr⊗nq ((φ0 ⊗ ...⊗ φ0)(JT ))
where cl(T ) is the closure of T .
3.3. Value of universal invariant of link diagrams. For x, y ∈
C2×C2, call Q(x, y) the polarization of the quadratic form determined
by the matrix B = (bij) which is given by b11 = 0, b12 = b21 =
−1, b22 = −2. Recall that hi,j = 1⊗ ...⊗hi⊗ ...⊗ 1 where hi is in j-th
position for i = 1, 2 and j = 1, ..., n. Let H(n) = VectC{hij} ⊂ UH⊗n
and Qij be the quadratic form on H
(n)∗ defined by
Qij(h) = Q(h[i], h[j]) = h
t
[i]Bh[j]
where h[i] is the column matrix
(
h1,i
h2,i
)
for i = 1, ..., n. Recall also the
formula for the universal R-matrix and its inverse in Equations (19)
and (20).
Let L be a link diagram consisting of n ordered circle components
L1, ..., Ln. Denote by lk = (lkij) the linking matrix of link diagrams
L and set QL(h) =
∑
1≤i,j≤n lkij Qij(h). We consider the algebraic
automorphisms ϕij, ϕQL of ÛH
σ⊗n
given by
ϕij(x) = ξ
−Qij(h)xξQij(h), ϕQL(x) = ξ
−QL(h)xξQL(h) for x ∈ ÛHσ⊗n.
Remark that ϕij and ϕQL restrict to an automorphism of Uσ⊗n. Indeed,
we denote the weight of an element x ∈ UH for hi by |x|i, i = 1, 2, we
have that |x|i ∈ Z. We also recall that
hix = x(hi + |x|i), xhi = (hi − |x|i)x for x ∈ UH .
These equalities imply that for x =
⊗n
k=1 xk ∈ Uσ⊗n we have
n⊗
k=1
xkξ
h1,ih2,j = ξ1⊗...⊗(h1−|xi|1)⊗...⊗(h2−|xj |2)⊗...⊗1
n⊗
k=1
xk.
Then ξhi = ki ∈ Uσ implies that xξh1,ih2,j = ξh1,ih2,jx′ with x′ ∈ Uσ⊗n.
This deduces that ϕij(Uσ⊗n) = Uσ⊗n for 1 ≤ i, j ≤ n and ϕQL(Uσ⊗n) =
Uσ⊗n. We have the theorem.
Theorem 3.3. The value of the invariant of L satisfies
(23) ξ−QL(h)JL ∈ Uσ⊗n/NQL
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where NQL = ξ
−QL(h)[ÛHσ⊗n, ÛHσ⊗n] ∩ Uσ⊗n.
Proof. We represent the value of JL by the product of two parts, the
first one is in C ω(H∗) and the second one is in the tensor product of
copies of Uσ as follow. For j = 1, ..., n we first put the element of
ÛHσ on the strands Lj following the rule depicted in Figure 2. Second,
we fix the Cartan parts of the elements at the cross points and then
push the rest of the elements to the point basis of strand (along the
orientation of Lj), the product of this part gives an element wj ∈ Uσ
for j = 1, ..., n. At each point of crossing (i, j) between the i-strand
and j-strand of L, its Cartan part gives us the element
ξεij(−h1,ih2,j−h2,ih1,j−2h2,ih2,j) = ξεijQij(h)
where εij = ±1 is the sign of the crossing (i, j). Hence the value of JL
can be written as a product of ξQL(h) and an element of the quotient of
Uσ⊗n by subspace NQL := ξ−QL(h)[ÛH
σ⊗n
, ÛHσ⊗n]∩Uσ⊗n. This means
that ξ−QL(h)JL ∈ Uσ⊗n/NQL . 
Remark 3.4. As [ÛHσ⊗n, ÛHσ⊗n] = SpanC{xy − yx| x, y ∈ ÛH
σ⊗n}
then ξ−QL(h)[ÛHσ⊗n, ÛHσ⊗n] = SpanC{ξ−QL(h)(xy−yx)| x, y ∈ ÛH
σ⊗n} =
SpanC{xy − ϕQL(y)x | x, y ∈ ÛH
σ⊗n}. I do not know if the following
is true: is NQL equal to SpanC{xy − ϕQL(y)x | x, y ∈ Uσ⊗n}.
Note also that JL belongs in
(
ÛHσ⊗n
)ÛHσ
where(
ÛHσ⊗n
)ÛHσ
=
{
u ∈ ÛHσ⊗n|u∆[n](x) = ∆[n](x)u
}
for all x ∈ ÛHσ. A
proof of this assertion can be seen in Lemma 6 [1].
4. Invariant of 3-manifolds of Hennings type
In the article [9], Hennings proposed a method to construct an in-
variant of 3-manifolds from an universal invariant of links by using a
finite dimensional ribbon algebra with its right integral. The invariant
of 3-manifolds is computed from the universal invariant of links. The
key point of the construction is the role of a right integral of the Hopf
algebra [9]. It is well known that it always exists a right integral on
a finite dimensional Hopf algebra. Virelizier generalised this fact by
using the notions of a finite type unimodular ribbon Hopf pi-coalgebra
and the right pi-integral to construct an invariant of 3-manifolds with pi-
structure. Here pi is a group and the structure is given by representation
of the fundamental group in pi (see [20]). When pi = G is commutative
a G-structure reduces to a G-valued cohomology class. In the case of
the unrolled algebra UHξ sl(2|1), the associated Hopf G-coalgebra can
be ribbon but not finite type. However, we show that the associated
Hopf G-coalgebra induces a finite type Hopf G-coalgebra by forgetting
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h1, h2. We show that we can still construct an invariant of 3-manifolds
of Hennings type by working on the pairs (M,ω) in which M is a 3-
manifold and ω is a cohomology class in H1(M,G). The construction
of the invariant uses the discrete Fourier transform and the G-integrals
for the finite type Hopf G-coalgebra associated with Uξsl(2|1). This
invariant is a generalisation of the one in [21] that apply to UHξ sl(2|1).
We recall some definitions from [15, 21].
4.1. Hopf G-coalgebra from the pivotal Hopf algebra Uσ.
Definition 4.1. Let pi be a group. A pi-coalgebra over C is a family
C = {Cα}α∈pi of C-spaces endowed with a family ∆ = {∆α,β : Cαβ →
Cα ⊗ Cβ}α,β∈pi of C-linear maps (the coproduct) and a C-linear map
ε : C1 → C (the counit) such that
• ∆ is coassociative, i.e. for any α, β, γ ∈ pi,
(∆α,β ⊗ IdCγ )∆αβ,γ = (IdCα ⊗∆β,γ)∆α,βγ,
• for all α ∈ pi, (IdCα ⊗ε)∆α,1 = IdCα = (ε⊗ IdCα)∆1,α.
A Hopf pi-coalgebra is a pi-coalgebra H = ({Hα}α∈pi,∆, ε) endowed
with a family S = {Sα : Hα → Hα−1}α∈pi of C-linear maps (the
antipode) such that
• each Hα is an algebra with product mα and unit element 1α ∈
Hα,
• ε : H1 → C and ∆α,β : Hαβ → Hα⊗Hβ are algebra homomor-
phisms for all α, β ∈ pi,
• for any α ∈ pi,
mα(Sα−1 ⊗ IdHα)∆α−1,α = ε1α = mα(IdHα ⊗Sα−1)∆α,α−1 .
A Hopf pi-coalgebra is of finite type if Hα is finite dimensional algebra
for any α ∈ pi.
Recall that C = C[k±`1 , k±`2 ] is the commutative Hopf subalgebra in
the center of Uσ. LetG = (C/Z×C/Z,+) ∼−→ HomAlg(C,C), (α1, α2) 7→(
k`i 7→ ξ`αi
)
for i = 1, 2 and let Uα be the algebra Uσ modulo the rela-
tions k`i = ξ
`αi for α ∈ G.
Proposition 4.2. The family Uσ = {Uα}α∈G is a finite type Hopf G-
coalgebra.
Proof. By applying [7, Example 2.3] it follows that {Uα}α∈G is the Hopf
G-coalgebra with the coproduct and the antipode determined by the
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commutative diagrams:
Uσ ∆
σ
- Uσ ⊗ Uσ
Uα+β
pα+β
? ∆α,β- Uα ⊗ Uβ
pα ⊗ pβ
?
Uσ S
σ
- Uσ
Uα
pα
? Sα - U−α
p−α
?
where pα : Uσ → Uα, x 7→ [x] is the projection from Uσ to Uα. For
α = 0 the Hopf algebra U0 is called the restricted quantum sl(2|1), i.e.
the algebra Uσ modulo the relations k`i = 1 for i = 1, 2. Furthermore
dim(Uα) = 32`4 for α ∈ G. This finished the proof. 
Proposition 4.3. The small quantum group U0 is unimodular.
Proof. Call C the even category of finite dimensional nipotent repre-
sentations of Uξsl(2|1). We claim that the projective cover PC of the
trivial module is self dual: PC ' P ∗C. The proof is analogous to The-
orem 4.1 [6]. Furthermore PC ∈ U0-mod so the category U0-mod is
unimodular. By Lemma 4.2.1 [4] confirms that U0 is unimodular. 
A consequence of the proposition above is that the Hopf G-coalgebra
Uσ is unimodular.
Definition 4.4. A pi-trace for a Hopf pi-coalgebra H = {Hα}α∈pi is a
family of C-linear forms tr = {trα : Hα → C}α∈pi which verifies
trα(xy) = trα(yx), trα
−1
(Sα(x)) = tr
α(x)
for all α ∈ pi and x, y ∈ Hα.
It is known that for each finite type Hopf pi-coalgebra, there exists
a family of linear forms called a family of the right pi-integrals ([21]).
Call {λα}α∈G the family of right G-integral for the finite type Hopf
G-coalgebra Uσ = {Uα}α∈G. This means that the family of C-linear
forms λ = (λα)α∈G ∈
∏
α∈G U∗α satisfies
(24) (λα ⊗ IdUβ)∆α,β = λα+β1β
for all α, β ∈ G (see in Section 3 [21]). Note that λ0 is an usual right
integral for the Hopf algebra U0. We define a family of C-linear forms
{trα}α∈G on Uσ determined by
trα(x) := λα(Gαx) for x ∈ Uα
where Gα = σφ0|k`i=ξ`αi for i = 1, 2, i.e. Gα = ξ−`α1σk
−2
2 mod k
`
i−ξ`αi .
This family determines a G-trace by proposition below.
Proposition 4.5. The family {trα}α∈G above is a G-trace for the uni-
modular finite type Hopf G-coalgebra Uσ = {Uα}α∈G.
20 NGOC PHU HA
Proof. We see that Uσ = {Uα}α∈G is an unimodular finite type Hopf
G-coalgebra. By Theorem 4.2 [21] for Uσ one gets
λα(xy) = λα (S−αSα(y)x) ,
λ−α (Sα(x)) = λα
(
G2αx
)
and
S−αSα(x) = GαxG−1α for x, y ∈ Uα.
By the definition of {trα}α∈G we have
trα(yx) = λα(Gαyx) = λα (S−αSα(x)Gαy)
= λα(Gαxy) = tr
α(xy).
Furthermore, for x ∈ Uα
λ−α (Sα(x)) = λ−α (Sα(x)Sα(Gα)G−α)
= λ−α (Sα(Gαx)G−α)
= λ−α (SαS−α(G−α)Sα(Gαx))
= λ−α (G−αSα(Gαx))
= tr−α (Sα(Gαx))
and λα (G
2
αx) = tr
α(Gαx) so tr
−α(Sα(x)) = trα(x). This implies that
the family tr = (trα)α∈G is a G-trace for Uσ. 
Note that, since S−αSα(Gα) = Gα for x ∈ Uα then
λα(Gαx) = λα(S−αSα(Gα)x) = λα(xGα).
Thus we also have trα(x) = λα(xGα) for x ∈ Uα.
4.2. Discrete Fourier transform. For a (partial) map f : Cn → C
we define ti(f) by ti(f)(h1, ..., hn) = f(h1, ..., hi + 1, ..., hn) for 1 ≤
i ≤ n. Let Lα = {(α1, ..., αn) + Zn} be the lattice of Cn correspond-
ing to −→α = α = (α1, ..., αn) ∈ (C/Z)n. A function f(h1, ..., hn) ∈
C ω(h1, ..., hn) is called `-periodic in hi on the lattice Lα if it sat-
isfies f|α = t
`
i
(
f|α
)
where f|α := f|Lα . A function f(h1, ..., hn) ∈
C ω(h1, ..., hn) is `-periodic on Lα if it is in all variables on Lα. The
functions {ξmhi}i=1,...,nm∈Z are `-periodic and ξ`hi − ξ`αi are zero on α. Let
I be the ideal in the ring R = C[ξ±h1 , ..., ξ±hn ] generated by ξ`hi − ξ`αi
for 1 ≤ i ≤ n. Then an element of R/I define a `-periodic map in all
variable on Lα.
Proposition 4.6 (Discrete Fourier transform). Let f = f(h1, ..., hn) ∈
C ω(h1, ..., hn) be a `-periodic function on Lα. Then there is an unique
element F−→α (f) ∈ R/I which coincides with f on Lα and is given by
F−→α (f) =
`−1∑
m1,...,mn=0
am1...mnξ
m1h1+...+mnhn .
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The coefficients am1...mn (Fourier coefficients) are determined by
am1...mn =
1
`n
`−1∑
i1,...,in=0
ξ−m1(α1+i1)−...−mn(αn+in)f(α1 + i1, ..., αn + in).
Proof. We consider first the function f(h1) ∈ C ω(h1) is `-periodic on
Lα1 for α1 ∈ C/Z which is denoted by f|α1 . The set of such functions
is a `-dimensional vector space. The family {ξm1h1}`−1m1=0 of linearly
independent `-periodic functions on Lα1 is a basis of this space, so we
can write
f|α1 =
`−1∑
m=0
am1ξ
m1h1 .
To determine (am1)m1 we evaluate the function at α1 + i1 for i1 =
0, ..., `−1, we have a linear system of ` variables am1 withm1 = 0, .., `−1
`−1∑
m1=0
am1ξ
m1(α1+i1) = f(α1 + i1) for i1 = 0, ..., `− 1.
The matrix of this linear system is
A =

1 ξα1 · · · ξ(`−1)α1
1 ξα1+1 · · · ξ(`−1)(α1+1)
· · · · · · · · ·
1 ξα1+k · · · ξ(`−1)(α1+k)
· · · · · · · · ·
1 ξα1+`−1 · · · ξ(`−1)(α1+`−1)
 .
Note that
∑`−1
k=0 ξ
k(i−j) = `δij, so we have
A−1 =
1
`

1 1 · · · 1
ξ−α1 ξ−(α1+1) · · · ξ−(α1+`−1)
...
... · · · ...
ξ−(`−1)α1 ξ−(`−1)(α1+1) · · · ξ−(`−1)(α1+`−1)
 .
This implies that am1 =
1
`
∑`−1
i1=0
ξ−m1(α1+i1)f(α1 +k1) for m1 = 0, .., `−
1. Then by induction on i for 1 ≤ i ≤ n we have a similar affirmation
for the `-periodic functions on Lα with α ∈ (C/Z)n . 
Denote U⊗−→α := Uα1 ⊗ ... ⊗ Uαn for −→α ∈ ((C/Z)2)n in which αj =
(α1j, α2j) ∈ (C/Z)2 and U0⊗−→α the subalgebra of U⊗α generated by k±1i,j =
ξ±hi,j for i = 1, 2 and j = 1, ..., n (see Equation (13)).
Corollary 4.7. Let f = f(hi,j) ∈ C ω(hi,j) be a `-periodic function on
Lα. Then the unique element of U0⊗−→α which coincides with f on Lα
and is given by
F−→α (f) =
`−1∑
i1,...,in, j1,...,jn=0
ai1...inj1...jn
n∏
s=1
kis1,sk
js
2,s ∈ U0⊗−→α
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where
ai1...inj1...jn =
1
`2n
`−1∑
s1,...,sn, t1,...,tn=0
ξ−
∑n
m=1 im(α1m+sm)+jm(α2m+tm).
f(α11 + s1, α21 + t1, ..., α1n + sn, α2n + tn).
Proof. By Proposition 4.6 we have
F−→α (f) =
`−1∑
i1,...,in, j1,...,jn=0
ai1...inj1...jnξ
∑n
s=1 ish1,s+jsh2,s .
Since ξhi,j = ki,j for i = 1, 2 and j = 1, ..., n then
F−→α (f) =
`−1∑
i1,...,in, j1,...,jn=0
ai1...inj1...jn
n∏
s=1
kis1,sk
js
2,s ∈ U0⊗−→α .
Proposition 4.6 gives the formula determining the coefficients ai1...inj1...jn .

Example 4.8. The function K = ξ−h1⊗h2−h2⊗h1−2h2⊗h2 is `-periodic on
L0 and we have
(25) F−→
0
(K) = 1
`2
`−1∑
i1,i2,j1,j2=0
ξi1j2+i2j1−2i1i2ki11 k
j1
2 ⊗ ki21 kj22 ∈ U0 ⊗ U0.
Indeed, by Corollary 4.7 one has
F−→
0
(K) =
`−1∑
i1,i2,j1,j2=0
ai1i2j1j2k
i1
1 k
j1
2 ⊗ ki21 kj22 .
The coefficients ai1i2j1j2 are computed as below
ai1i2j1j2 =
1
`4
`−1∑
s1,s2,t1,t2=0
ξ−i1s1−j1t1−i2s2−j2t2ξ−s1t2−t1s2−2t1t2
=
1
`4
`−1∑
t1,t2=0
ξ−j1t1−j2t2−2t1t2
`−1∑
s1,s2=0
ξ−i1s1−i2s2−s1t2−t1s2
=
1
`4
`−1∑
t1,t2=0
ξ−j1t1−j2t2−2t1t2
`−1∑
s1,s2=0
ξ−(i1+t2)s1−(i2+t1)s2
=
1
`4
`−1∑
t1,t2=0
ξ−j1t1−j2t2−2t1t2
`−1∑
s1=0
ξ−(i1+t2)s1
`−1∑
s2=0
ξ−(i2+t1)s2
=
1
`4
`−1∑
t1,t2=0
ξ−j1t1−j2t2−2t1t2`δ0i1+t2 mod `Z`δ
0
i2+t1 mod `Z
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=
1
`2
`−1∑
t1=0
ξ−j1t1δ0i2+t1 mod `Z
`−1∑
t2=0
ξ−j2t2−2t1t2δ0i1+t2 mod `Z
=
1
`2
`−1∑
t1=0
ξ−j1t1δ0i2+t1 mod `Zξ
−j2(−i1)−2t1(−i1)
=
1
`2
ξ−j1(−i2)ξ−j2(−i1)−2(−i2)(−i1)
=
1
`2
ξj1i2+j2i1−2i1i2 .
For αi ∈ (C/Z)2 we call ÛH
per
αi
the subalgebra of ÛHσ generated by
elements forms u =
∑
j fij(h1, h2)wj where wj ∈ σmB+B− for m = 0, 1
and fij(h1, h2) ∈ C ω(h1, h2) are `-periodic on Lαi . Denote ÛH
per
⊗−→α =
ÛHperα1 ⊗ ... ⊗ ÛH
per
αn . We extend linearly F−→α to a map ÛH
per
⊗−→α → U⊗−→α
by the rule
∑
m fm(h1,i, h2,j)wm 7→
∑F−→α (fm(h1,i, h2,j))wm.
Lemma 4.9. The map F−→α : ÛH
per
⊗−→α → U⊗−→α is an algebra map.
Proof. By the unicity in Proposition 4.6, as fg|Lα = F−→α (f)F−→α (g) we
have
F−→α (fg) = F−→α (f)F−→α (g)
for the `-periodic functions f, g on Lα.
Consider the elements f(h1, h2)w1, g(h1, h2)w2 ∈ ÛH
per
αi
where f, g are
`-periodic on Lαi and w1, w2 ∈ σmB+B− for m = 0, 1. By Remark 2.3
one has
(f(h1, h2)w1)(g(h1, h2)w2) = f(h1, h2)(w1g(h1, h2))w2
= f(h1, h2)g(h1 + |w1|1, h2 + |w1|2)w2
where (|w1|1, |w1|2) is the weight of w1 for (h1, h2). So we have
F−→α (fw1gw2) = F−→α (f(h1, h2)g(h1 + |w1|1, h2 + |w1|2)w1w2)
= F−→α (fg(h1 + |w1|1, h2 + |w1|2))w1w2
= F−→α (f)F−→α (g(h1 + |w1|1, h2 + |w1|2))w1w2
= F−→α (f)w1F−→α (g(h1 + |w1|1 − |w1|1, h2 + |w1|2 − |w1|2))w2
= F−→α (f)w1F−→α (g)w2
= F−→α (fw1)F−→α (gw2).

Lemma 4.10. Let β, γ ∈ (C/Z)2 and let −→α = α = β + γ. Assume
f(h1, h2) is a `-periodic entire function on Lα. Then ∆(f) is `-periodic
on L(β,γ) and
∆β,γF−→α (f) = F(β,γ) (∆(f)) .
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Proof. First, by Proposition 4.6 we have
F−→α (f) =
`−1∑
m1,m2=0
am1m2ξ
m1h1+m2h2
where am1m2 =
1
`2
∑`−1
i1,i2=0
ξ−m1(α1+i1)−m2(α2+i2)f(α1 + i1, α2 + i2). Then
∆β,γF−→α (f) =
`−1∑
m1,m2=0
am1m2ξ
m1(h1⊗1+1⊗h1)+m2(h2⊗1+1⊗h2).
Second, the algebra homomorphism ∆ gives us ∆f(h1, h2) = f(h1 ⊗
1 + 1 ⊗ h1, h2 ⊗ 1 + 1 ⊗ h2). Applying the discrete Fourier transform
one gets
F(β,γ) (∆(f)) =
`−1∑
n1,n2,n3,n4=0
bn1n2n3n4ξ
n1(h1⊗1)+n2(h2⊗1)+n3(1⊗h1)+n4(1⊗h2)
where the Fourier coefficient
bn1n2n3n4 =
1
`4
`−1∑
i1,i2,j1,j2=0
ξ−n1(β1+i1)−n2(β2+i2)−n3(γ1+j1)−n4(γ2+j2).
f(β1 + i1 + γ1 + j1, β2 + i2 + γ2 + j2).
By α = β + γ, one has
bn1n2n3n4 =
1
`4
ξ−n1β1−n2β2−n3γ1−n4γ2
`−1∑
i1,i2,j1,j2=0
ξ−n1i1−n2i2−n3j1−n4j2 .
f(α1 + i1 + j1, α2 + i2 + j2).
Since f(h1, h2) is `-periodic on Lα, setting s = i1 + j1 and t = i2 + j2
then
bn1n2n3n4 =
1
`4
ξ−n1β1−n2β2−n3γ1−n4γ2
`−1∑
i1,i2,s,t=0
f(α1 + s, α2 + t).
ξ−n1i1−n2i2−n3(s−i1)−n4(t−i2).
bn1n2n3n4 =
1
`4
ξ−n1β1−n2β2−n3γ1−n4γ2
`−1∑
s,t=0
f(α1 + s, α2 + t)ξ
−n3s−n4t.
`−1∑
i1,i2=0
ξ(n3−n1)i1+(n4−n2)i2 .
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Since
`−1∑
i1,i2=0
ξ(n3−n1)i1+(n4−n2)i2 =
`−1∑
i1=0
ξ(n3−n1)i1
`−1∑
i2=0
ξ(n4−n2)i2
= `2δn1n3δ
n2
n4
then bn1n2n3n4 = 0 if (n1, n2) 6= (n3, n4) and when (n1, n2) = (n3, n4)
then bn1n2n1n2 is computed
bn1n2n1n2 =
1
`2
ξ−n1(β1+γ1)−n2(β2+γ2)
`−1∑
s,t=0
f(α1 + s, α2 + t)ξ
−n1s−n2t
=
1
`2
ξ−n1α1−n2α2
`−1∑
s,t=0
f(α1 + s, α2 + t)ξ
−n1s−n2t
=
1
`2
`−1∑
s,t=0
ξ−n1(α1+s)−n2(α2+t)f(α1 + s, α2 + t)
= an1n2 .
Hence
F(β,γ) (∆(f)) =
`−1∑
n1,n2=0
bn1n2n1n2ξ
n1(h1⊗1)+n2(h2⊗1)+n1(1⊗h1)+n2(1⊗h2)
=
`−1∑
n1,n2=0
an1n2ξ
n1(h1⊗1+1⊗h1)+n2(h2⊗1+1⊗h2)
= ∆β,γF−→α (f).

Remark 4.11. As S(hi) = −hi for i = 1, 2, by the similar calculations
as in Lemma 4.10 then
F−−→αS(f) = SαF−→α (f).
A consequence of Lemma 4.10 is that R0 = R1RˇF−→0 (K) is the uni-
versal R-matrix of U0 with R0 = F−→0 (Rq) is given by
(26) R0 = 1
`2
R1
`−1∑
i,i1,i2,j1,j2=0
1∑
ρ,δ=0
{1}i(−{1})ρ+δ
(i)ξ!(ρ)ξ!(δ)ξ!
ξi1j2+i2j1−2i1i2 .
ei1e
ρ
3e
δ
2k
i1
1 k
j1
2 σ
ρ+δ ⊗ f i1fρ3 f δ2ki21 kj22
where R1 =
1
2
(1⊗ 1 + σ ⊗ 1 + 1⊗ σ − σ ⊗ σ) (see Section 2.3). In-
deed the relations satisfied by the R-matrix Rq (see [12], [22]) translate
to the relations for R0.
26 NGOC PHU HA
4.3. Invariant of 3-manifolds of Hennings type. Let L be a framed
link in S3 consisting of n components (still denote by L its link dia-
gram), M be a 3-manifold obtained by surgery along the link L. Let
ω be an element of the cohomology group H1(M,G) (see Section 2
[2]). The value of the invariant of link JL is in ξQL(h)Uσ⊗n. Let
αj = ω(mj) = (α1j, α2j) here mj is a meridian of the j-th component
of L. Denote α = (α1, ..., αn). Since ω is an element of the cohomology
group H1(M,G) it vanishes on longitudes of L, this implies the relation∑n
j=1 lkij αj = 0, ∀i = 1, ..., n. We have
Proposition 4.12. The function f(h1,i, h2,j) = ξ
QL(h) is `-periodic on
Lα.
Proof. We denote h1,i + ` = 1⊗ ...⊗ (h1 + `)⊗ ...⊗ 1 where h1 + ` is
in i-th position. We have
f(h1,i + `, h2,j) = ξ
−∑ni,j=1 lkij((h1+`)ih2,j+h2,ih1,j+2h2,ih2,j)
= ξ
∑n
i,j=1 lkij Qij(h)ξ−
∑n
i,j=1 lkij `h2,j
= f(h1,i, h2,j)ξ
−∑ni,j=1 lkij `α2j .
The equalities
∑n
j=1 lkij αj = 0 imply that
∑n
i,j=1 lkij α2j ∈ Z. Hence
we get f(h1,i + `, h2,j) = f(h1,i, h2,j). The computation is similar for
the variables h2,j. 
Lemma 4.6 implies that F−→α
(
ξQL(h)
) ∈ U⊗−→α . We define
(27) J ωL = F−→α (JL) ∈ HH0(U⊗−→α )
thanks to Theorem 3.3. Let θ0 be the ribbon element of the small
quantum group U0.
Lemma 4.13. There exists a normalization of (λα)α∈G such that
λ0(θ0) = λ0(θ
−1
0
) = 1.
Proof. The proof is thanks to Lemma 4.19. 
Theorem 4.14.
(28) J (M,ω) =
n⊗
j=1
trαj (J ωL )
is a topological invariant of the pairs (M,ω) where n is the number of
the components of the surgery link L.
Remark 4.15. Usual quantum surgery invariants are renormalized
thanks to the signature. There is no need of renormalisation here thanks
to Lemma 4.13.
We use a result on the equivalence of 3-manifolds obtained by surgery
along a link to prove Theorem 4.14, that is the theorem below.
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y x slide−−→
y
∆α′,β(x)
Gβ
=
y
x1
x2
Gβ
Figure 4. The second Kirby’s move
Theorem 4.16 ([13]). Let M1 and M2 be oriented 3-manifolds and
f : M1 → M2 be an orientation preserving diffeomorphism. Any
two surgery presentations L1 and L2 of M1 and M2, respectively can
be connected by a sequence of handle-slides, blow-up moves and blow-
down moves such that the induced diffeomorphism between M1 = S
3
L1
and M2 = S
3
L2
is isotopic to f .
Proof of Theorem 4.14. We need to show that J (M,ω) is not change
under two Kirby’s moves. In the case of handle slide (the second Kirby’s
move), we can assume that the algebraic element on the strands are
already concentrated as illustrated in the first component of Figure 4
where x ∈ Uα, y ∈ Uβ are given by the Fourier transform discrete
(see Equation (27)). The associated invariant of 3-manifolds will be
computed by
trα(x)y = λα(Gαx)y x ∈ Uα, y ∈ Uβ.
After sliding, by the commutativity of the Fourier transform with the
coproduct in Lemma 4.10 and by the property of the element R-matrix
we replace x by ∆α′ ,β(x) = x1 ⊗ x2 for x ∈ Uα, x1 ∈ Uα′ , x2 ∈ Uβ as
in the second and third component of Figure 4. Note that the relation
between the homology classes of the meridians is mx1 + my = mx, i.e.
ω(mx1) + ω(my) = ω(mx)⇔ α′ + β = α. The invariant is determined
by
trα
′
(x1)yx2Gβ = λα′ (Gα′x1)yx2Gβ.
Furthermore, the definition of the right G-integral {λα}α∈G implies that(
λα′ ⊗ IdUβ
)
∆α′ ,β(xGα) = λα(xGα)1β
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then
λα′ (x1Gα′ )x2Gβ = λα(xGα)1β
and finally
λα′ (x1Gα′ )yx2Gβ = λα(xGα)y,
i.e. J (M,ω) is not change under the second Kirby’s move. Changing
the orientation of a component changes JL by applying an antipode
(see [16]), Proposition 4.5 and Remark 4.11 imply J (M,ω) does not
depend on the orientation. For the first move, the blowing up and
blowing down, it is easy to see that ω(m) = 0 for m the meridian of
±1-framed loops and the two ±1-framed loops evaluate as λ0(θ0) and
λ0(θ
−1
0
), respectively. 
Recall that the Hopf algebra U0 has a PBW basis {f i1fρ3 f δ2ei′1 eρ
′
3 e
δ′
2 k
j1
1 k
j2
2 σ
m :
0 ≤ ρ, δ, ρ′, δ′,m ≤ 1, 0 ≤ i, i′, j1, j2 ≤ ` − 1}. To prove Lemma 4.13
we need the proposition below.
Proposition 4.17. The linear form λ0 : U0 → C determined by
(29) λ0(f
i
1f
ρ
3 f
δ
2e
i′
1 e
ρ′
3 e
δ′
2 k
j1
1 k
j2
2 σ
m) = ηδi`−1δ
ρ
1δ
σ
1 δ
i′
`−1δ
ρ′
1 δ
σ′
1 δ
j1
0 δ
j2
`−2δ
m
0
is a right integral of U0 where η ∈ C∗ is a constant and δij is Kronecker
symbol.
Proof. See in Appendix A.1. 
By Equation (24) we have the remark.
Remark 4.18. For α = (α1, α2) ∈ C/Z× C/Z then
λα(f
i
1f
ρ
3 f
δ
2e
i′
1 e
ρ′
3 e
δ′
2 k
j1
1 k
j2
2 σ
m) = ηξ`(α1+α2)δi`−1δ
ρ
1δ
σ
1 δ
i′
`−1δ
ρ′
1 δ
σ′
1 δ
j1
0 δ
j2
`−2δ
m
0
is a right G-integral for the Hopf G-coalgebra {Uα}α∈G.
By using Proposition 4.17 one gets the lemma.
Lemma 4.19. We have
λ0(θ0) = λ0(θ
−1
0
) =
{1}`+1(1− ξ)`−1
`(`− 1) η.
Proof. See in Appendix A.2. 
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Appendix A. Proof of Proposition 4.17 and Lemma 4.19
A.1. Proof of Proposition 4.17. It is necessary to check λ0 satisfies
the condition (24), i.e.
(30) (λ0 ⊗ IdU0)∆(x) = λ0(x)1
for all x ∈ U0. We check Equation (30) for the elements in PBW
basis. This equation holds true for all elements f i1f
ρ
3 f
δ
2e
i′
1 e
ρ′
3 e
δ′
2 k
j1
1 k
j2
2 σ
m
in which (i, ρ, δ, i′, ρ′, δ′, j1, j2,m) 6= (`−1, 1, 1, `−1, 1, 1, 0, `−2, 0). For
(i, ρ, δ, i′, ρ′, δ′, j1, j2,m) = (`− 1, 1, 1, `− 1, 1, 1, 0, `− 2, 0) we have the
right hand side of Equation (30) at w = f `−11 f3f2e
`−1
1 e3e2k
`−2
2 is equal
to η1. The left hand side of Equation (30) at w is computed as follows.
First, one has
∆(e3) = e3 ⊗ 1 + k−11 k−12 σ ⊗ e3 + (ξ − ξ−1)e2k−11 ⊗ e1,
∆(f3) = f3 ⊗ k1k2 + σ ⊗ f3 + (ξ−1 − ξ)f1σ ⊗ k1f2
and one can write
∆(e1)
`−1 = e`−11 ⊗ 1 + k`−11 ⊗ e`−11 +
∑
u,v<`−1
cuve
u
1k
−v
1 ⊗ ev1,
∆(f1)
`−1 = f `−11 ⊗ k`−11 + 1⊗ f `−11 +
∑
u′,v′<`−1
c′u′v′f
u′
1 ⊗ ku
′
1 f
v′
1
where cuv, c
′
u′v′ are the coefficients in C and the powers of e1, f1 and k1
are less then `− 1.
Then we have the decomposition
∆(w) = ∆(f1)
`−1∆(f3)∆(f2)∆(e1)`−1∆(e3)∆(e2)∆(k`−22 )
= (f `−11 ⊗ k`−11 )(f3 ⊗ k1k2)(f2 ⊗ k2)(e`−11 ⊗ 1)(e3 ⊗ 1)(e2 ⊗ 1)(k`−22 ⊗ k`−22 )
+
∑
c
i′,ρ1,δ1,j′,ρ′1,δ
′
1,j
′
1,j
′
2
i,ρ,δ,j,ρ′,δ′,j1,j2,m f
i
1f
ρ
3 f
δ
2e
j
1e
ρ′
3 e
δ′
2 k
j1
1 k
j2
2 σ
m ⊗ f i′1 fρ13 f δ12 ej
′
1 e
ρ′1
3 e
δ′1
2 k
j′1
1 k
j′2
2
where the terms in the sum satisfy (i, ρ, δ, j, ρ′, δ′, j1, j2,m) 6= (` −
1, 1, 1, ` − 1, 1, 1, 0, ` − 2, 0). By Equation (29) and k`i = 1 for i = 1, 2
the decomposition above implies that
(λ0 ⊗ IdU0)∆(w) = (λ0 ⊗ IdU0)((f `−11 ⊗ k`−11 )(f3 ⊗ k1k2)(f2 ⊗ k2).
(e`−11 ⊗ 1)(e3 ⊗ 1)(e2 ⊗ 1)(k`−22 ⊗ k`−22 ))
= (λ0 ⊗ IdU0)(f `−11 f3f2e`−11 e3e2k`−22 ⊗ k`−11 k1k2k2k`−22 ),
i.e.
(λ0 ⊗ IdU0)∆(w) = (λ0 ⊗ IdU0)(f `−11 f3f2e`−11 e3e2k`−22 ⊗ 1)
= λ0(f
`−1
1 f3f2e
`−1
1 e3e2k
`−2
2 )1
= η1.
Thus the linear form λ0 is a right integral of U0.
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A.2. Proof of Lemma 4.19. Firstly, we represent the decomposition
of θ−1
0
in a PBW basis of U0. By Equation (15) the ribbon element θ0
of U0 is determined by
θ0 = φ
σ
0 .(m ◦ τ s ◦ (Id⊗S0)(R0))−1,
i.e.
(31) θ−1
0
= m ◦ τ s ◦ (Id⊗S0)(R0).(φσ0 )−1.
In Equation (31) the terms are determined by
(φσ0 )
−1 = φ−10 σ
−1 = k22σ
and
R0 = 1
`2
R1
`−1∑
i,i1,i2,j1,j2=0
1∑
ρ,δ=0
{1}i(−{1})ρ+δ
(i)ξ!(ρ)ξ!(δ)ξ!
ξi1j2+i2j1−2i1i2 .
ei1e
ρ
3e
δ
2k
i1
1 k
j1
2 σ
ρ+δ ⊗ f i1fρ3 f δ2ki21 kj22
where R1 =
1
2
(1⊗ 1 + σ ⊗ 1 + 1⊗ σ − σ ⊗ σ) = 1
2
∑1
m,n=0(−1)mnσm⊗
σn, i.e.
R0 = 1
2`2
`−1∑
i,i1,i2,j1,j2=0
1∑
m,n,ρ,δ=0
(−1)mn{1}
i(−{1})ρ+δ
(i)ξ!(ρ)ξ!(δ)ξ!
ξi1j2+i2j1−2i1i2 .
σmei1e
ρ
3e
δ
2k
i1
1 k
j1
2 σ
ρ+δ ⊗ σnf i1fρ3 f δ2ki21 kj22 .
Since
S0(σ
nf i1f
ρ
3 f
δ
2k
i2
1 k
j2
2 )
= S0(k
j2
2 )S0(k
i2
1 )S0(f
δ
2 )S0(f
ρ
3 )S0(f
i
1)S0(σ
n)
= k−j22 k
−i2
1 (−1)δσδf δ2k−δ2 σρ
(
(−1)ρξ−2ρfρ3 + (ξ−2ρ − 1)fρ2 fρ1
)
k−ρ1 k
−ρ
2 (−f1k−11 )iσn
= (−1)δ+ik−j22 k−i21 σδf δ2k−δ2 σρ
(
(−1)ρξ−2ρfρ3 + (ξ−2ρ − 1)fρ2 fρ1
)
k−ρ1 k
−ρ
2 ξ
i(i−1)f i1k
−i
1 σ
n
where in the second equality we used
S0(f
ρ
3 ) = σ
ρ
(
(−1)ρξ−2ρfρ3 + (ξ−2ρ − 1)fρ2 fρ1
)
k−ρ1 k
−ρ
2 ,
then
(Id⊗S0)(σmei1eρ3eδ2ki11 kj12 σρ+δ ⊗ σnf i1fρ3 f δ2ki21 kj22 )
= (−1)δ+ρ+iξi(i−1)−2ρσmei1eρ3eδ2ki11 kj12 σρ+δ ⊗ k−j22 k−i21 σδf δ2k−δ2 σρfρ3 k−ρ1 k−ρ2 f i1k−i1 σn
+ (−1)δ+i(ξ−2ρ − 1)ξi(i−1)σmei1eρ3eδ2ki11 kj12 σρ+δ ⊗ k−j22 k−i21 σδf δ2k−δ2 σρfρ2 fρ1 k−ρ1 k−ρ2 f i1k−i1 σn.
We have
m ◦ τ s ◦ (Id⊗S0)(σmei1eρ3eδ2ki11 kj12 σρ+δ ⊗ σnf i1fρ3 f δ2ki21 kj22 )
= (−1)δ+ρ+iξi(i−1)−2ρ(−1)ρ+δk−j22 k−i21 σδf δ2k−δ2 σρfρ3 k−ρ1 k−ρ2 f i1k−i1 σm+nei1eρ3eδ2ki11 kj12 σρ+δ
+ (−1)δ+i+δ+ρ(ξ−2ρ − 1)ξi(i−1)k−j22 k−i21 σδf δ2k−δ2 σρfρ2 fρ1 k−ρ1 k−ρ2 f i1k−i1 σm+nei1eρ3eδ2ki11 kj12 σρ+δ
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= (−1)iξi(i−1)−2ρk−j22 k−i21 σδf δ2k−δ2 σρfρ3 k−ρ1 k−ρ2 f i1k−i1 σm+nei1eρ3eδ2ki11 kj12 σρ+δ
+ (−1)i+ρ(ξ−2ρ − 1)ξi(i−1)k−j22 k−i21 σδf δ2k−δ2 σρfρ2 fρ1 k−ρ1 k−ρ2 f i1k−i1 σm+nei1eρ3eδ2ki11 kj12 σρ+δ
= X1 +X2.
Since kifj = ξ
−aijfjki, kiej = ξaijejki, kif3 = ξ−(ai1+ai2)f3ki, kie3 =
ξai1+ai2e3ki for i, j = 0, 1 and σx = (−1)deg xxσ then
X1 = (−1)iξi(i−1)−2ρξ−(j2+δ)ρ−(j2+δ+ρ)i+(j2+δ+ρ)i+(j2+δ+ρ)ρ.
ξ−i2δ+i2ρ+2(i2+ρ)i−2(i+i2+ρ)i−(i+i2+ρ)ρ+(i+i2+ρ)δ.
σδf δ2σ
ρfρ3 f
i
1σ
m+nei1e
ρ
3e
δ
2k
i1−i2−i−ρ
1 k
j1−j2−δ−ρ
2 σ
ρ+δ
= (−1)iξ−i−i2−iρ+iδ+ρδ−2ρσδf δ2σρfρ3 f i1σm+nei1eρ3eδ2ki1−i2−i−ρ1 kj1−j2−δ−ρ2 σρ+δ
= (−1)i+δδ+(ρ+δ)ρ+(ρ+δ+m+n)(ρ+δ)ξ−i−i2−iρ+iδ+ρδ−2ρ.
f δ2f
ρ
3 f
i
1e
i
1e
ρ
3e
δ
2k
i1−i2−i−ρ
1 k
j1−j2−δ−ρ
2 σ
2(ρ+δ)+m+n
= (−1)i+δρ+(m+n)(δ+ρ)ξ−i−i2−iρ+iδ+ρδ−2ρf δ2fρ3 f i1ei1eρ3eδ2ki1−i2−i−ρ1 kj1−j2−δ−ρ2 σm+n
and
X2 = (−1)i+ρ+ρδ(ξ−2ρ−1)ξi(i−1)+iρk−j22 k−i21 σδk−δ2 σρfρ+δ2 fρ+i1 k−ρ2 k−i−ρ1 .
σm+nei1e
ρ
3e
δ
2k
i1
1 k
j1
2 σ
ρ+δ
= (−1)i+ρ+ρδ+(m+n)(ρ+σ)(ξ−2ρ − 1)ξ−i−i2−iρ+ρδ+iδ.
fρ+δ2 f
ρ+i
1 e
i
1e
ρ
3e
δ
2k
i1−i2−i−ρ
1 k
j1−j2−ρ−δ
2 σ
m+n.
Thus we have
θ−1
0
= m ◦ τ s ◦ (Id⊗S0)(R0)(φσ0 )−1
=
1
2`2
`−1∑
i,i1,i2,j1,j2=0
1∑
m,n,ρ,δ=0
(−1)mn{1}
i(−{1})ρ+δ
(i)ξ!(ρ)ξ!(δ)ξ!
ξi1j2+i2j1−2i1i2(X1+X2)k22σ.
Since
X2k
2
2σ = (−1)i+ρ+ρδ+(m+n)(ρ+σ)(ξ−2ρ − 1)ξ−i−i
2−iρ+ρδ+iδ.
fρ+δ2 f
ρ+i
1 e
i
1e
ρ
3e
δ
2k
i1−i2−i−ρ
1 k
j1−j2−ρ−δ+2
2 σ
m+n+1
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then by Proposition 4.17 implies that λ0(X2k
2
2σ) = 0. Hence we have
λ0(θ
−1
0
) = − 1
2`2
`−1∑
i1,i2,j1,j2=0
1∑
m,n=0
{1}`−1(−{1})1+1
(`− 1)ξ!(1)ξ!(1)ξ! (−1)
mnξ−1+i1j2+i2j1−2i1i2
λ0(f2f3f
`−1
1 e
`−1
1 e3e2k
i1−i2−(`−1)−1
1 k
j1−j2−1−1+2
2 σ
m+n+1)
= − 1
2`2
{1}`+1ξ−1
(`− 1)ξ! η
′
`−1∑
i1,i2,j1,j2=0
1∑
m,n=0
ξi1j2+i2j1−2i1i2 .
δ0i1−i2 mod `Zδ
`−2
j1−j2 mod `Zδ
0
m+n+1 mod 2Z
where η′ = λ0(f2f3f
`−1
1 e
`−1
1 e3e2k
`−2
2 ), i.e.
λ0(θ
−1
0
) = − 1
2`2
{1}`+1ξ−1
(`− 1)ξ! η
′
`−1∑
i2,j2=0
ξi2j2+i2(j2+`−2)−2i2i2
1∑
m,n=0
(−1)mnδ0m+n+1 mod 2Z
= −2 1
2`2
{1}`+1ξ−1
(`− 1)ξ! η
′
`−1∑
i2=0
ξ−2i
2
2−2i2
`−1∑
j2=0
ξ2i2j2
= − 1
`2
{1}`+1ξ−1
(`− 1)ξ! η
′
`−1∑
i2=0
ξ−2i
2
2−2i2`δ0i2 mod `Z
= −{1}
`+1ξ−1
`(`− 1)ξ! η
′.
To computer λ0(θ0) we use the equality
θ0 = φ
σ
0 .(m ◦ τ s ◦ (S20 ⊗ Id)(R0)).
Since
S20(e
i
1) = φ
σ
0e
i
1(φ
σ
0 )
−1 = σk−22 e
i
1k
2
2σ = ξ
2iei1,
S20(e
ρ
3) = (−1)ρξ2ρeρ3,
S20(e
δ
2) = (−1)δeδ2,
S20(k
i1
1 ) = k
i1
1 ,
S20(k
j1
2 ) = k
j1
2 ,
S20(σ
ρ+δ) = σρ+δ
then
S20(σ
mei1e
ρ
3e
δ
2k
i1
1 k
j1
2 σ
ρ+δ) = S20(σ
m)S20(e
i
1)S
2
0(e
ρ
3)S
2
0(e
δ
2)S
2
0(k
i1
1 )S
2
0(k
j1
2 )S
2
0(σ
ρ+δ)
= (−1)ρ+δξ2(i+ρ)σmei1eρ3eδ2ki11 kj12 σρ+δ.
It implies that
(S20 ⊗ Id)(σmei1eρ3eδ2ki11 kj12 σρ+δ ⊗ σnf i1fρ3 f δ2ki21 kj22 )
= (−1)ρ+δξ2(i+ρ)σmei1eρ3eδ2ki11 kj12 σρ+δ ⊗ σnf i1fρ3 f δ2ki21 kj22
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then
m ◦ τ s ◦ (S20 ⊗ Id)(σmei1eρ3eδ2ki11 kj12 σρ+δ ⊗ σnf i1fρ3 f δ2ki21 kj22 )
= (−1)ρ+δ+ρ+δξ2(i+ρ)σnf i1fρ3 f δ2ki21 kj22 σmei1eρ3eδ2ki11 kj12 σρ+δ
= ξ2(i+ρ)ξi2(2i+ρ−δ)ξ−j2(i+ρ)σnf i1f
ρ
3 f
δ
2σ
mei1e
ρ
3e
δ
2k
i1+i2
1 k
j1+j2
2 σ
ρ+δ
= (−1)(2n+m)(ρ+δ)ξ2(i+ρ)+i2(2i+ρ−δ)−j2(i+ρ)f i1fρ3 f δ2ei1eρ3eδ2ki1+i21 kj1+j22 σm+m+ρ+δ
= (−1)m(ρ+δ)ξ2(i+ρ)+i2(2i+ρ−δ)−j2(i+ρ)f i1fρ3 f δ2ei1eρ3eδ2ki1+i21 kj1+j22 σm+m+ρ+δ.
So we have
θ0 = σk
−2
2
1
2`2
`−1∑
i,i1,i2,j1,j2=0
1∑
m,n,ρ,δ=0
(−1)mn{1}
i(−{1})ρ+δ
(i)ξ!(ρ)ξ!(δ)ξ!
ξi1j2+i2j1−2i1i2 .
(−1)m(ρ+δ)ξ2(i+ρ)+i2(2i+ρ−δ)−j2(i+ρ)f i1fρ3 f δ2ei1eρ3eδ2ki1+i21 kj1+j22 σm+m+ρ+δ
=
1
2`2
`−1∑
i,i1,i2,j1,j2=0
1∑
m,n,ρ,δ=0
{1}i(−{1})ρ+δ
(i)ξ!(ρ)ξ!(δ)ξ!
ξ2(i+ρ)+i2(2i+ρ−δ)−j2(i+ρ).
(−1)m(ρ+δ)+mnξi1j2+i2j1−2i1i2f i1fρ3 f δ2ei1eρ3eδ2ki1+i21 kj1+j2−22 σm+n+ρ+δ+1.
By Proposition 4.17 one has
λ0(θ0) =
1
2`2
`−1∑
i1,i2,j1,j2=0
1∑
m,n=0
{1}`−1(−{1})1+1
(`− 1)ξ! (−1)
mnξ−2i2+i1j2+i2j1−2i1i2η.
δ0i1+i2 mod `Zδ
0
j1+j2−2 mod `Zδ
0
m+n+1 mod 2Z
=
1
2`2
{1}`+1
(`− 1)ξ!η
`−1∑
i1,i2,j1,j2=0
ξ−2i2+i1j2+i2j1−2i1i2δ0i1+i2 mod `Zδ
0
j1+j2−2 mod `Z.
1∑
m,n=0
(−1)mnδ0m+n+1 mod 2Z
where η = λ0(f
`−1
1 f3f2e
`−1
1 e3e2k
`−2
2 ), i.e.
λ0(θ0) =
1
`2
{1}`+1
(`− 1)ξ!η
`−1∑
i1,j1=0
ξ−2(`−i1)+i1(`−j1+2)+(`−i1)j1−2i1(`−i1)
=
1
`2
{1}`+1
(`− 1)ξ!η
`−1∑
i1=0
ξ2i
2
1+4i1
`−1∑
j1=0
ξ−2i1j1
=
1
`2
{1}`+1
(`− 1)ξ!η
`−1∑
i1=0
ξ2i
2
1+4i1`δ0i1 mod `Z
=
{1}`+1
`(`− 1)ξ!η.
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On the other hand
f2f3f
2
1 = ξ
−2f2f 21 f3 = ξ
−2((ξ + ξ−1)f1f2f1 − f 21 f2)f3
= ξ−2(ξ−1f1(f2f1 − ξf1f2) + ξf1(f3 + ξf1f2))f3
= ξ−2(ξ−1f1f3 + ξf1f3 + ξ2f 21 f2)f3
= f 21 f2f3
where in the first equality one used the relation f3f1 = ξ
−1f1f3 and
the second Serre relation (7). Note that ` is odd f2f3f
`−1
1 = f
`−1
1 f2f3.
Since f2f3 = −ξf3f2 we get
η′ = λ0(f2f3f
`−1
1 e
`−1
1 e3e2k
`−2
2 )
= −ξλ0(f `−11 f3f2e`−11 e3e2k`−22 )
= −ξη.
Thus we have
λ0(θ
−1
0
) = −{1}
`+1ξ−1
`(`− 1)ξ! η
′ =
{1}`+1
`(`− 1)ξ!η = λ0(θ0).
Since (`− 1)ξ! =
∏`−1
i=1
1−ξi
1−ξ =
`−1
(1−ξ)`−1 then λ0(θ0) =
{1}`+1(1−ξ)`−1
`(`−1) η.
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